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' Abstract 
O ^ 

. For connected reductive linear algebraic structure groups it is proven that every web 

' is holonomically isolated. The possible tuples of parallel transports in a web form a 

. Lie subgroup of the corresponding power of the structure group. This Lie subgroup is 

' explicitly calculated and turns out to be independent of the chosen local trivializations. 

Moreover, explicit necessary and sufficient criteria for the holonomical independence 
Qh' of webs are derived. The results above can even be sharpened: Given an arbitrary 

(— I . neighbourhood of the base points of a web, then this neighbourhood contains some 

segments of the web whose parameter intervals coincide, but do not include (that 
corresponds to the base points of the web), and whose parallel transports already form 
the same Lie subgroup as those of the full web do. 



X ' 1 Introduction 



In order to incorporate the fuh diffeomorphism invariance of general relativity into loop grav- 
ity, it is not sufficient to consider only piecewise analytic paths. Instead, at least, piecewise 
smooth and immersive paths have to be included. This, however, causes a bunch of technical 
difficulties that are usually related to the fact that two finite graphs need not be contained 
in a common larger finite graph. This desirable, but not given directedness is necessary to, 
in particular, make the measure theory well defined. Several attempts have been made to 
circumvent this problem. First, Baez and Sawin [Sj introduced so-called webs. These are 
certain sets of piecewise smooth immersive paths that are "sufficiently" independent to al- 
low for the definition of the Ashtekar-Lewandowski measure. Later, arbitrarily smooth paths 
have been shown tractable using hyphs j^lH]. Nevertheless, there are still several difficulties 
even in the more restrictive case of smooth webs. One of them is related to the Lewandowski- 
Thiemann conjecture ^Oj, which is important for the definition of diffeomorphism-invariant 
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operators in loop quantum gravity. More precisely, since the averaging over the diffeomor- 
phism group is well defined only on a certain subspace of cylindrical functions, it is important 
that diffeomorphism-invariant operators do indeed preserve that subspace. Lewandowski and 
Thiemann took the view that this is probably true and argued that to answer that question 
one should study how parallel transports in portions of webs behave. In the present article 
we are now going to state several results on this subject. In particular, we will be able to 
prove that in the case of semisimple structure groups (like SU{2) or Sl{2,C) needed for 
gravity) there are always subpaths of a web that do not run through the base points of the 
web, but are already holonomically independent, i.e. parallel transports can be assigned to 
them completely independent of each other. However, one can see that these results are 
- in contrast to the anticipation expressed in |10j - still not completely sufficient to prove 
the Lewandowski-Thiemann conjecture. Nevertheless, the methods developed here will be 
used to prove it in a subsequent article 0. 

The present paper goes as follows: After some preliminaries we will introduce the terms 
"richness" and "splitting". They will be used to encode the relative position of (parts of) 
webs - do they coincide, are they in a certain sense independent? Next, we will partially 
exploit an idea, already used in ^01, to study under which circumstances groups can be 
generated by finite products of elements of certain subgroups. Together with some criteria 
for the holonomical independence of sets of paths, we will finally determine for every web 
explicitly what parallel transports regular connections may have. In particular, given a web 
of n paths, one sees that the set of possible parallel transports forms a Lie subgroup of G" for 
structure groups G that are compact Lie. This can be regarded as a proof that is independent 
from the argumentation in But, our result is true even if G is an arbitrary product of 
semisimple and abelian, possibly noncompact Lie groups. Additionally, we will show that all 
parallel transports, occurring in a full web, can already be adopted along certain subpaths 
in a web that are nontrivial in the sense that they do not contain the base points of the web. 

2 Preliminaries 

Let us briefly fix the notations. Throughout the whole paper, G is some arbitrary group. 
Starting with Section [5] we assume additionally that G is a connected Lie group. Fix some 
arbitrary manifold M. Let V denote the set of all (finite) paths in M, i.e. the set of all piece- 
wise smooth and immersive mappings from [0, 1] to M. V is a groupoid (after imposing the 
standard equivalence relation, i.e., saying that reparametrizations and insertions/deletions 
of retracings are irrelevant) [01 El- Sometimes we will speak about paths restricted to certain 
subintervals / of [0, 1]. By means of some affine map from I to [0, 1] we may regard these re- 
strictions naturally as paths again. The set of all smooth connections in some fixed principal 
fibre bundle vr : P — > M with structure group G is denoted by A. Given some "ultralocal" 
trivialization l of P, we can identify for every path 7 € P and every connection A A the 
parallel transport w.r.t. to A along 7 with an element /i^(7) = ht^^A) of G. Moreover, we 
define for every finite tuple 7 = (71, ... , 7^) of paths the set 

At^ := {/i^(7) \AeA} = { {h'-Ali), . . . , h^Ailn)) I ^ G ^} C G" 
of all possible (tuples of) parallel transports along these paths. Recall that an ultralocal 
trivialization |H] is simply some collection of trivializations for each single fibre Pm in P. 
Note that the assignment of m G M to that trivialization over m - even locally - need not 
be smooth. Sometimes, however, we will drop the superscript l to simplify notation. Then 
we assume we are given some arbitrary, but fixed trivialization. It is obvious that Aty is 
independent of the chosen trivialization, in particular, if it equals the full G'^'''. 
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3 Richness and Splittings 

Let n G N_|_ be some positive integer and let G be some group. 

Definition 3.1 We define 

• Vn to be the set of all n-tuplcs with entries equal to or 1 only; 

• := {(5^1 , . . . , 5^") I 5 € G} C G" for every v G Vn, and 

• Gy := G„i • • • G„fe for every ordered-*^ subset V = {v^, . . . , v''} C Vn- 

We have, e.g., G(i,o,i,o) = {{g, 1,5, 1) I 5 e G}. 

Lemma 3.1 For every n G N+, every group (Lie group, algebraic group) G and every 
V G Vn, the set G„ is a subgroup (Lie subgroup, algebraic subgroup) of G". 

Proof Obviously, G^, is a subgroup of G. If G is Lie, then it is additionally a submanifold, 
hence a Lie subgroup of G". If G is algebraic, then G^, is Zariski-closed in G, hence 
an algebraic subgroup. qed 

3.1 Richness 

Definition 3.2 An ordered subset F C Vn is called rich iff 

L for all 1 < i,j < n with i ^ j there is an element v e V with Vi / vj 
and 

2. for all 1 < z < n there is an element w eV with Wi ^ 0. 

For instance, let n = 4. Then F := {(1, 1, 0, 0), (1,0,1,0), (0,1,0,1), (0,0,1,1)} is rich, but 
{(1, 1, 0, 1), (1, 0, 1, 1), (0, 1, 1, 0)} is not, because it fails to fulfill the first richness condition 
for i = 1 and j = 4. 

Definition 3.3 Let n G N+ and K C {1, . . . , n}. 

• For every v G Vn the i^-restriction Rk{v) G Vn-\K\ of v is defined 
to be the (n — |K|)-tuple, that is generated from v by canceling all 
components of v at the positions listed in K. 

• For every V C.Vn the X-restriction of V is given by 

Rk{V) := \J,^v{Rk{v)]. 

• For every nonempty F C Vn the richness deficit 5v of V is given for 
F7^{(0,...,0)}by 

5v:= min G N | i?if/(y) is rich} 

K'^{l,...,n} 

and by 5v '■= n otherwise. 

For example, we have i?{2,4} ((1, 0, 1, 0)) = (1,1) and i?i ((1, 0, 1, 0)) = (0,1,0). For conve- 
nience, we write Rk instead of for 1 < fc < n. Using the example above of a rich V, we 
get Ra{V) = {(1,1,0), (1,0,1), (0,1,0), (0,0,1)}. Note, finally, that 5v is well defined. In 
fact, if V is neither empty nor the zero tuple, it contains at least one nonzero tuple, say v 
with Vi = 1. There we have -R{i,...,n}\{i}(^) = {(1)} which is rich. 



^By an ordered subset of X we mean an arbitrary tuple of elements in X where every clement in X 
occurs at most once as a component of that tuple. However, we will use the standard terminology of sets if 
misunderstandings seem to be impossible. 
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Lemma 3.2 Let V Vn he nonempty. 

1. If V is rich, then RxiV) is rich for all K C {1, . . . , n}. 

2. If {gi, . . .,gk-i,gk+i, • • • ,5n) G [Gr^(v)]"' for some g G N, then there is 



some g eG with {gi, . . . , gk-i, g, gk+i, ■ ■ • ,5n) G [Gyj 



>q 



3. y is rich iff dy is zero. 

Proof Clear. qed 

We remark that [Gy]"' denotes the g-fold multiplication Gy • • • Gy of Gy. In contrast, we 
use G" as usual for the n-fold direct product G x • • • x G of G. 

3.2 Splittings 

Definition 3.4 • A subset V C V„, is called n-splitting iff 

1- Y.vev'^ = (I'-- - '1) and 
2. (O,...,O)0F. 

• Let V and V be n-splittings. V is called refinement of V (shortly: 
V > V) iff every v (zV can be written as a sum of elements in V'. 

Lemma 3.3 Let V be some n-splitting. Then we have: 

• Gy = Htjgy Gv independently of the ordering in V; 

• Gy is a subgroup of G", hence [Gy]*^ = Gy; 

• Gy/ D Gy for all n-sphttings V > V. 

Proof It is easy to see that G^' and G^" commute for all v', v" G V„ with v'v" = (0, . . . , 0) 
where the multiplication is pointwise. Moreover, we then have G„'+„" C G^,'G„/'. 
Since, as follows directly from the definition, v'v" = (0, . . . , 0) for all different ele- 
ments v' and v" in an n-splitting, nt;ey does not depend on the ordering. Now, 
Gy = ritigy Gv by definition. From (G„)~^ = G^, = Gt,G„ for all v G Vn, we get 
the group property of Gy and hence [Gy]*^ = Gy. Additionally, if V' > V, then 
every ?; S ^ is a sum of certain elements in V . Consequently, each G^ is contained 
in Gy, whence Gy C [Gy]**^ = Gy. qed 

Definition 3.5 Let n E N+ be some positive integer, S be some set and s be some n-tuple 
of elements of S. Then the splitting V{s) for s is given by 

V{s) :={veVn\v, = l = Vj ^Si = Sj} \ {(0, . . . , 0)}. 

For example, the splitting for s = (si, 52, S3, S2) is V{s) = {(1, 0, 0, 0), (0, 1, 0, 1), (0, 0, 1,0)}. 

Lemma 3.4 For every n, S and s as given in Definition 13.51 V{s) is a n-splitting. 

Proof Let 1 < i < n and v,v' G Vis) with Vi = v'^ = 1. Then vj = 1 iff Sj = sj. However, 
the same is true for Vj. Hence, v = v'. Since there is at least one v £ Vn with Vi = 1, 
we get the assertion. qed 

Proposition 3.5 Let / = (/i, . . . , /„) be some tuple of continuous functions fi : X — > Y, 
where X and Y are topological spaces and Y is assumed Hausdorff. 
Then for every xq € X there is some neighbourhood U C X of xq, such 
that V{f{xo)) < V{f{x)) for all xeU. 
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Proof • By the continuity and the finiteness of /, there is for every fixed xq G X some 
open [/ C X containing xq, such that fi^xo) ^ fjixo) imphes fi{x) 7^ fj{x) for 
all 2; € f7. Note that Y is Hausdorff. 

• Set for every two n-splittings V, V 

Ky,{v) := {v' eV \3k:vk = l = v[}. 
Then we have v < ^^/^^ v' (with < defined by < on all components). In fact, 
if vi = 0, the assertion vi < J^v'gk ,{v) '^'i trivial. On the other hand, for f / = 1 
there is some v' G V with v[ = 1, i.e. v' € (f), hence vi = 1 < Yliv'&Ky,(v) '^'v 

• Observe now, that (^) 7^ ^ with x G U and v,v £ V{f{xo)) 
implies v = v. In fact, it implies the existence of some v' in that intersection 
and some k,l with = 1 = and v'l = 1 = vi. Consequently, = 1 = v'l, 
hence /^(x) = fiix), thus /fc(xo) = fiixo) hy x eU. Therefore, Vk = 1 = vi and 
Vk = 1 = vi hy v,v G V{f{xo)). This implies v = v. 

• Altogether we get for every x G U 

(1, •••,!) = T.veVif(xo))^ (Splitting property) 

^ J2v'&V{fix)) ^' (Disjointness of the sets Kv(f{x)){'f)) 

= (1, . . . , 1) (Splitting property) 

and, therefore, v = Ei,'gkv-(/{^))M ^' '^V{f{x)){v) Q V(.f{x)) by definition 
for every v G V{f{xo)). qed 



4 Generation of Subgroups 

Even if some smooth paths are independent, i.e. they are webs or hyphs, two or more of 
them may share full segments. Consequently, the parallel transports along these segments 
are identical. Using the terminology of the previous section, we see that these parallel 
transports have now values in some subset Gy of G", where V encodes which segments 
coincide. In order to prepare the study of the behaviour of the parallel transports along the 
full paths, we will now present some results on products of sets of type Gy. 



4.1 Semisimple Groups 

Before stating the first theorem of this paper, let us recall the definition of the commutator 
length (11. 

Definition 4.1 Let G be a group that coincides with its commutator subgroup. 

• The commutator length c1g(5') of an element 5 G G is defined to be 
the minimal number of commutators in G whose product equals g. 

• The commutator length cl(G) of G is defined to be sup^gQ cIg(s'). 

We remark that cl(G) = 1 for all connected semisimple Lie groups that are complex or 
compact H]. This means, every element in G can then be written as a commutator of two 
elements in G. 

Theorem 4.1 Let G be a group that equals its commutator subgroup and let n be some 
positive integer. Then we have G" = UqeN [^v]"^ for any rich ordered 
subset V of V„. 

If, moreover, G has finite commutator length, then there is a positive integer 
q{n) such that [Gy]"?(") = G" for any rich ordered subset V ofVn- 
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Note that q{n) does not depend on the ordering or the number of elements in V. 

The following proof will exploit an idea presented in jlOj for Lie algebras, but now we 
transfer it to the level of abstract groups. 

Proof Let us first prove G" = UgeN [Gv]"^- 

• The case n = 1 is trivial. 

• Let us consider the case n = 2. By the first richness condition, V has to contain 
at least one of the elements (0, 1) and (1, 0). W.l.o.g. we have (0, 1) € V. Then by 
the second richness condition, (1, 0) or (1, 1) is in V. However, we see immediately 
that both for i equal and 1 we have G^ = G(o,i)G(i_j) C Gy C G^ if we 
assume that (0,1) occurs in V before (1,«) does. Completely analogously we 
have G^ = G(ij)G(oi) = Gy in the opposite case. Hence, the assertion follows 
from G^ = Gy'c [j^^^ [Gy]'^ C G\ 

• We proceed by induction. Assume we have proven the assertion for a certain 
n > 2. Let {gi, . . . ,gn,9n+i) be some element in G""*"^. 

First, we generate the components 1 to n. For this, let W be the (n+l)-restriction 
Rn+i{V) of V. By Lemma ESI W is rich, hence - by induction hypothesis - we 
have [gi, . . . , gn) G [Gvk]*' for some q. Again by Lemma IS?^ there is some € G 
with (5i,...,9n,<?) e [Gy]'«. 

Second, we generate the last component. Since G equals its own commutator 
subgroup, we have some finite number S and finitely many gg,g" £ G with 

s 

U a'sdsig'srHds)-' = 

s=l 

Moreover, as shown above, there are certain g[ ^ and s Gr, such that 

(<7i,„l,l,...,l,<7^) G [Gy]««' and (1, g'l^l, . . . ,1, g'D ^ [Gv^" 

for some q', q" . 
Finally, we get 

(51, • • • ,9n,£/n+l) = (c/l,..., 5n, 9) (1, 9~^9n+l) 

= {gi,- ■ ■ ,gn,9) ■ 
s 

(5m, 1, 1, • • • (i>52,s>i, • • ■A,gsy^ 

G [Gy]'(«+2('?'+'?")^). 

Consequently, G""*"^ C IJ^gf^ [Gy]"?. The opposite inclusion is trivial. 
If, additionally, G has finite commutator length, the proof is analogous. Just observe 
that then we may choose q, q' , q" < q{n) and S < cl(G) in the induction step. Setting 
q{l) := 1, q{2) := 1 and q{n + 1) := (1 + 4 cl(G)) q{n), we get G"+i = [Gy]*«("+i). 

qed 

Directly from the proof we get a (very weak) upper bound for q{n). 

Corollary 4.2 We can choose q{n) < (l + 4 cl(G))" ^ for n > 2, provided G has finite 
commutator length. 

Moreover, we have 
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Corollary 4.3 With the assumptions of Theorem 14. 11 we have for every nonempty ordered 
subset V of Vn and for every G having finite commutator length: 

• [Gv]"'^"~^^^ is a subgroup of G" isomorphic to G""''^; 

• [Gv/]"?("-^^) equals G" iff V is rich or G is trivial; 

• [Gv]"^ = [Gv/]"'("-^^) for all q > q{n - 6v). 

Proof We may assume V ^ {(0,... ,0)}. Otherwise, the statements are obvious setting 

The basic idea is to extract from V the independent and nontrivial components. For 
this, we divide the set of indices into equivalence classes, whereas i and j are said 
to be equivalent iff for every element of V its i- and j-component coincide. Now, 
we define for every v €V a tuple w just by dropping all the components that are 
for all V or that correspond to indices that are not minimal in their equivalence 
class. By construction, the set W of all w given this way is rich and the number of 
components the elements of W have, is n — 5v ='■ n' ? 

By Theorem Em we have [Gvf]"^^"''' = G"'. By construction, we see that [Gy]"^^"') 
consists precisely of all elements in G" that are constant on the equivalence classes 
above or that are the identity if they belong to the equivalence class built by the 
components being for all v . Thus, [G\/]"^(" ^ is indeed a subgroup of G". 
By the group property of [Gy]*'^^"''-', we have the second inclusion relation in 
[Gv/]'9("') c [Gv]"? = [Gy]"?("')[Gv]'('?~^("')) C [Gy]"?("') for ah q > q{n'). Fi- 
nally we see from the construction of W that [Gy]"'^"') = [Gvv]'^^"'^ = G"'. 
The statement on the equality of [Gy]*''^"'"'^^) and G" is clear now. qed 

Corollary 4.4 The statements of Corollary 14.31 are also true both in the category of Lie 
groups and that of algebraic groups. 

Proof By the construction in the corollary above, we see immediately that [Gy]*^^" ^ is a 
submanifold of G" for Lie groups and is closed in G" for algebraic groups. qed 

4.2 Abelian Groups 

Theorem l4.1l is no longer true if we drop, e.g., the "semisimplicity" condition. For connected 
and compact G it can be shown that for 

y :={(!, 1,0,0), (1,0,1,0), (0,1,0,1), (0,0,1,1)} 
we have [Gy]"^ = G^ iff G is semisimple. (The idea for the proof can be already found in 
jnilHlO This example (see Figure ^ on page^J corresponds to the web introduced by Baez 
and Sawin |2] that has been used widely to discuss problems arising in the theory of webs. 
However, at least for abelian groups we have a rather explicit description of Gy: 

Proposition 4.5 Let G be some abelian group and let n be some positive integer. Then 
Gy is a subgroup of G" for all nonempty ordered subsets V of Vn and 
we have 

Gv = G® svauj^iV) = G^P^°z(V')_ 
This statement is also true in the category of real and complex Lie groups. 

Proof This is a simple consequence of the fact that abelian groups are just Z-modules. 

qed 

^On the one hand, 5v < n — n' by richness of W . On the other hand, it is easy to see that every restriction 
W' of V having elements with more components than those in W , is not rich, hence 5v >n — n' . In fact, it 
has to contain still equivalent, but different components or components that are always zero. 
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Note, however, that the equahty of Gy and does not only depend on V, but also on G. 
In fact, consider the example n = 4 and 

V = {(1, 1, 0, 0), (1, 0, 1, 0), (1, 0, 0, 1), (0, 1, 1, 0), (0, 1, 0, 1), (0, 0, 1, 1)}. 
One checks immediately that 

span^{V) = {{zi,Z2, z^, z^) e Z"^ \ zi + Z2 + Z3 + Z4 = mod 2}. 
Consequently, we have (^2)1/ C (^2)^, but {'Z^)v = (^s)^- However, given a Lie group over 
M (or C) the situation is much nicer because of 

Corollary 4.6 For every positive integer n and every ordered subset V of Vn we have 

My = spanjgl/ 
{U{l))v = (span]RF)/Z^ 

In particular, we have Gy = G" iff span^F = for G = M, U{1). 

For the example V = {(1, 1, 0, 0), (1, 0, 1, 0), (0, 1, 0, 1), (0, 0, 1, 1)} from the beginning of this 
subsection and G = M, we have spaxi^V = {{xi,X2, Xs, X4) | — X2 — 3:3 + a;4 = 0} C M^. In 
particular, dimGy = 3, but n = 4. 



4.3 More General Groups 

If we would restrict ourselves to the case of (connected) compact Lie groups, we can always 
write G as (Ggg x [/"(1)'')/N, where Ggg is some semisimple compact Lie group, r is some 
natural number and N is some discrete central subgroup of Ggg x U {lY ■ We know already the 
properties of Gy for the semisimple and the U (1) case. Therefore it is natural to investigate, 
how the subsets generated by F in a product group are related to the corresponding subsets 
in the single groups and for the factorized version as well. This question will be answered by 
the following propositions. However, before we can state them, we have to introduce some 
(sloppy) notation. For i = 1, . . . , fc let G^ be some group and Ui be some subset of (Gj)" 
with a certain fixed n. Then we can naturally identify 

UiX---xUk = {{{gu,...,gin), ... ,{9ki, ■ ■ ■ ,9kn))} Q {Gi^ x ... x (G^)" 
with the subset 

{{{gil, - ■ ■ ,gkl), ■■■ ,{9ln,---,9kn))} 

of (Gi X • • • X Gfe)". Somewhat sloppily we denote this subset also by C/i x ■ ■ ■ x Uk- One 
sees immediately that properties being a subgroup, being a submanifold etc. are invariant 
under this identification - its just an isomorphism. Using this we have 

Proposition 4.7 Let Gi, . . . , Gfc be some groups, n be a positive integer and V be some 

ordered subset of Vn- 

Then we have (Gi x • • • x Gk)v = (Gi)y x • • • x (Gjk)y. 

Proof This is trivial, since the index V just indicates a certain product of elements without 
mixing any components. qed 

Proposition 4.8 Let G be a group and N be a normal subgroup of G. Moreover, let n 

be some positive integer and V be some ordered subset of Vn- 

Then (G/N)y = Gy/N", which is a subgroup of {G/N^ = G'^/N". 

Proof Clear. qed 



Altogether we have 
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Theorem 4.9 Let Ggs be some group that equals its commutator subgroup and has finite 
commutator length. Let Gab be some abelian group. Moreover, let N be 
some normal subgroup of Ggs x Gab- Define G := (Gss x Gab)/N. 
Then there is a function q : N — > N+, such that [Gy]*^^"~^^^ is a subgroup 
of G" for any nonempty ordered subset V of Vn and for every positive 
integer n. For rich V we even have 

[Gy]"?W = ((G,,)" X (Gab)y)/N". 

Proof Choose q{n) according to Theorem 14. II and Corollarv 14.31 By the assertions above, 
we know that 

[Gy^iin-Sv) = ([(Gss)y]"'("-'^-) X [(Gab)y]'^("-'^))/N" 
which is a subgroup of G". Additionally we used the group property of (Gab)v to 
get [(Gab)v]*^^"'^ = (Gab)y- Moreover, the assertion for rich V follows directly from 
Theorem 14.11 qed 

Corollary 4.10 The statements of Proposition^?! ProDosition l4.8l and Theorem l4.9l (both 
for discrete N) are true in the category of K-Lie groups as well. Here, IK 
is M or C. If, moreover. Gab is connected, then we have 

codimG".[Gy]*'^^"~^^^ = (5y-dimGss+ codimjRnspanjgF -dim Gab 

= 5v • dim Gss + {n — dim span]^!/ ) • dim Gab 

for all nonempty subsets V of Vn- 

Proof The transferability of the assertions above to the category of Lie groups is clear. 

(Note that the discreteness of N guarantees that the groups G" and G^/N" are 
locally diffeomorphic.) The codimension formula again is a consequence of the pre- 
ceding statements. Observe that every connected abelian Lie group over IK is iso- 
morphic to some R'" x U{lY . Here, of course, r + s is even for K = C, such that 
M** X U{1Y can be regarded naturally as a complex Lie group. qed 

4.4 Application to Reductive Groups 

Proposition 4.11 For every positive integer n, every nonempty subset V of Vn and every 
connected reductive linear algebraic group G over M or C, the smallest 
subgroup generated by Gy is a Lie subgroup of G". This smallest 
subgroup is given by [Gy]*'' with q being any integer q > q{n — 5y). It 
equals G"" iff 1/ is a generating system for M", or G is semisimple with 
rich V . 

Note that every (real or complex) linear algebraic group has also a Lie group structure. In 
what follows, we will always assume to use this Lie structure when speaking about linear 
algebraic groups. Therefore, we may consider, e.g., Lie subgroups of linear algebraic groups, 
as we did in the proposition above. 

Proof • Recall that every connected reductive linear algebraic group is the direct product 
of a connected semisimple Lie group and a connected abelian Lie group modulo 
some discrete central subgroup. Additionally, every connected semisimple Lie 
group coincides with its commutator subgroup. If it is even linear, then it has 
finite center and, therefore finite commutator length. Consequently, we 
are here precisely in the setting of Theorem 14.91 and Corollary 14.101 
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• Since the smallest subgroup of G" containing Gy has to contain every [Gy]"^ 
with g E N, it has to contain [Gv]"^^"'~^^\ which, however, is already a Lie 
subgroup containing Gy. Hence, precisely that smallest subgroup 

generated by Gy . Corollarv l4.1()l vields the assertion. Since spanjgl/ = W" implies 
that V is rich, the condition for [Gv]"^^^~^^'^ = G" is clear as well. qed 

Finally, we remark that every compact Lie group is a reductive linear algebraic group. 

5 Holonomical Independence 

The aim of the present section is to investigate in detail which parallel transports may be 
assigned by smooth connections to certain sets of paths. From now on, G is a (real or 
complex) Lie group. 

Definition 5.1 Let 7 = (71, . . . , 7„) C "P be some tuple of paths and let t be some ultralocal 
trivialization. Then 7 is called 

1. holonomically isolated iff 

• the paths in 7 are non-selfintersecting, 

• (7(0) U7(l)) nint7 = and 

• for every closed subset K of M with flint 7 = 0, for every A € A 
and every ((71, ... , g„) G Aty C G"" there is an A' & A such that 

— hty. {A') = Qi for i = 1, . . . ,n and 

— A' and A coincide on K; 

2. holonomically independent iff for every (gi, . . . ,gn) G G" there is 
some A ^ A, such that ht^. (A) = 5, for alH = 1, . . . , n; 

3. strongly holonomically independent iff it is holonomically inde- 
pendent and holonomically isolated. 

Note that int 7 is defined by 7((0, 1)) := Uj 7i((0i !))> which is generally not the interior of 
the image im 7 := \J- 7i([0, 1]) of 7. Analogously, 7(0) and 7(1) are here the sets formed by 
the components of the tuples (71(0), . . . ,7n(0)) and (71(1), . . . ,7n(l)), respectively. 
We have obviously 

Lemma 5.1 The notions of Definition 15.11 do not depend on the chosen trivialization l. 

Before we come to the next statements, let us first discuss the relevance of the preceding 
definition comparing, for simplicity, the "normal" holonomy independence and the strong 
holonomy independence. In the case of the weaker, i.e. normal independence, it cannot a 
priori be excluded that products of independent sets of paths are not independent, even if 
they are non-overlapping outside their endpoints: Let g := {gi, . . . ,gn) £ G" and let 7 and 8 
be given. Moreover, let g = (fg" ■ Now, it is, by independence, possible to find some A' with 
h^{A') = g' and some A" with hs{A") = g" , but this does not directly imply the existence 
of some A'" with h-yos{A"') = (fg", maybe just by setting A"'\i^-y = A' and A"'\iraS = A". 
To make this possible, i.e., to get a smooth A'", one has to control at least the interface 
between 7 and S what precisely is done for the strong form of holonomy independence. 
Here we explicitly demand that the independence condition does not touch the values of the 
connections at the endpoints of the paths. Making this heuristic discussion more precise will 
be the goal of the next few claims. 
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Lemma 5.2 Let 7^,...,7'^ be finitely many holonomically isolated tuples of paths and 



set^ 7 



Assume, moreover, im 7-' n int 7-' is empty unless j 



Then we have: 

• 7 is holonomically isolated with Aty . ■ j- 

• 7 is strongly holonomically independent, if each 7-' is. 



jAl'^^j for every trivialization i. 



Note that if, additionally, all A^^j are independent of the trivialization i, then At^ is so as 
well. 

Proof • 7 is holonomically isolated. 

The non-selfintersection property is obvious. 

Next, we have (7-' (0) U 7-^ (1)) n int 7-' C im 7-' n int 7-' = for j 7^ j', hence 

(7(0) U 7(1)) n int 7 = U/ (7^ (0) U 7^1)) n int 7^' 

= (7^ (0) U 7-' (l)) n int 7^' 
= 

by the isolation property of every 7-' . 

The third condition can be proven inductively. For this, let there be given some 
closed K C M \ int 7, some A £ A and some gj € G corresponding to the paths 
7/ € 7, such that g € "KjAjj. (We fixed some trivialization l, but drop here the 
corresponding superscripts for A,,, and /i^.) We set ^0 := ^ and choose some 
Aj £ A for j = 1, . . . , J such that Ha^ (7^ ) = for all i and that Aj and Aj^i 
coincide on X U IJj/^j 7"''- "^^^ last union is compact and, by assumption, 
disjoint to int 7-^. Now let A' := Aj. Since, of course, A-y C Xjv4^j, we see that 
A' has the desired properties for 7 to be holonomically isolated. But, moreover, 
the construction showed also that XjA^j C A-y, hence their equality. 
• The statement for the strong holonomy independence is now clear. qed 



Lemma 5.3 Let A Ahe some smooth connection and 7 = (71, . . . , 7„) be some tuple of 
non-selfintersecting paths. We assume that every 7j has an open neighbour- 
hood C/j C M that contains 7, as an embedding. Moreover, let all the Ui be 
mutually disjoint. 

Then 7 is strongly holonomically independent. 

Proof Let K be closed with K f] int 7 = 0. Thus, M \ ii' is an open neighbourhood for 
int 7. Hence, every U- := Ui fl (M \ K) contains 7j |(o,i) as an embedding. Moreover, 
Ul and Uj are disjoint for i j- 

Let now A A and choose some ultralocal trivialization l. Then in the case of 
compact G it is well known that for every g € G"' there is some A' € A with 
/i^, (7) = g, such that A' and A coincide outside C/^'. The proof in the general 
case including non-compact G is not really more difficult. For completeness it is 
given in AppendixEl Moreover, by \J- U[ = [J^iUi n (M \ K)) CZ M\K, the two 
connections A and A' coincide at least on K, whence 7 is holonomically isolated. 
The holonomical independence is now obvious. qed 

Lemma 5.4 Let 7 be some finite tuple of non-selfintersecting paths in M, whereas the 
image of 7 is contained in some open set U, such that P restricted to 7r~^(C/) 

^Here, the "union" of tuples is given in the natural way: Simply list all components of all the 7-'. To be 



extremely precise: 7 — (7^ , 



.71 : 



) if 7^ = (7^,...,7^J for aU j. 
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is trivial. Additionally, assume (7(0) U 7(1)) H int 7 = 0. Moreover, let 
/ = be some closed interval in [0,1] such that 7([0,/_]), 7(int /) 

and 7([/+, 1]) are mutually disjoint. Assume finally that 7]/ is holonomically 
isolated and At, C , in some ultralocal trivialization l that is smooth on 
U. Then we have: 

1. A' = AL . 

2. If Aty^^ is a subgroup of G", then 7 is holonomically isolated. 

Proof 1. A'=A'', 

Since im 7 is contained in U and there is some trivialization l that is smooth on 
U, there is a connection Aq A with trivial parallel transports w.r.t. l along 7. 
Since 71/ is holonomically isolated and since 7 (int I) = int7|/ and the compact 
set 7([0, l]\intl) are disjoint, we have for every g £ -4!y|^ some connection whose 
parallel transports on 7I/ equal g and on 7|[o,/_] and 7|[/+,i] equal those of Aq 
being trivial. Consequently, At^^^ Q At^ Q "^-yl/" 
2. 7 is holonomically isolated. 

Before we start, we define 7„ by 7|[o,/_] and 7_,_ by 7|[/^,i]. 

• f^Ail-) ^ -^'-yij foi' all A G ^ 

Let A be some smooth connection. Since, by assumption, the compact sets 
im 7_ and im 7_|_ are disjoint, there is a smooth function / being 1 on im 7_,_ 
with supp f ^ U \ im7_. Define A' by (1 — f)A on U (w.r.t. the fixed 
trivialization l on U) and by A outside. Of course, this is a connection with 
= h'^il-) and /i^,(7+) = (eG,---,eG)- Consequently, /i^,(7) = 
/i^,(7-) /ik'(7|/), hence /i^(7_) = /i^,(7-) = h'-^'il) h'A'h\i)-' G At^^^ by 
the group property of At^^^ and Aty = At^^^. 

• ^^(7+) ^ -^yii foi' all A G ^ 

This is shown completely analogously to /i^(7_) G At^^^. 

. /i^(7-)-Mi^/i^(7+)-^ C^^l^ for all^G^ 

Using Aty = At^^^ and the group property of At^^^ again, we get the desired 
relation. 

• Isolation property of 7 

Let K C M he closed with K n int 7 = 0. Define K' := KU im 7_ U im 7^. 
Obviously, K' is closed. Let now x € K' n int 7I7. Since, by assumption, 
ii' n int 7 = 0, we have x G 7([0, 1] \ int /). This is a contradiction to 
7(int I) n 7([0, 1] \ int I) = 0. Hence, K' D int 7]/ = 0. 

Let now A £ A and g := {gi, . . . , gn) G At^. Then, since - as shown above - 
/i^(7_)~"^ Atf ^a(7+) ""^ ^ '^''■y\i since 7]/ is assumed holonomically iso- 
lated, there is some A" G A^ such that 

- h\„{l\i) = /i^(7l[o,/_])"^ 9 h\{i\[i^^i])-^ and 

— A" and A coincide on K' . 

Consequently, hty{A") = g as well as A" and A coincide on K C K'. qed 



6 Regularity and Consistent Parametrization 

In this section we get closer to the case of webs. First we recall (and slightly extend) the 
notions of consistent parametrization and regularity 0. The latter one means, in particular, 
that, given a set of paths, around regular points there are no intersections between different 
paths, unless they are locally identical. The former one means that intersections of paths are 
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V{i{t)) = {(1,0, 1,0), (0,1, 0,1)} 



7 ~ (71,72,7.3,74) 
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6^62 
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63 4^5 f-f[ 


74 


:= Cj 62 


63 64 6,5 eg 



7-type (1,1,0,0) 




7-type (0,0,1,1) 



Figure 1: A special set of paths owing to Baez and Sawin ^ 



allowed only at those points where the paths under consideration have identical parameter 
values. Afterwards we introduce the type of points w.r.t. certain paths in generalization of 
the similar notion settled by Baez and Sawin [3]. 

Definition 6.1 An n-tuple 7 = (71, . . . , 7„) of paths is called consistently parametrized 

iff we have for all i,j = 1, . . . , n 

^,{t') = ^,{t") =^ t' = t". 

Definition 6.2 Let 7 be some re-tuple of paths. 

• A point X G M is called 7-regular iff x is not the image of an endpoint 
or nondifferentiable point of 7 and there is a neighbourhood of x whose 
intersection with im 7' is an embedded interval. 

• T G [0, 1] is called 7-regular iff 7(t) is 7-regular for all 7 G 7. 

We have immediately 

Lemma 6.1 For every consistently parametrized re-tuple 7 of paths in M, the set of 7- 
regular parameter values is open in [0, 1]. 

Definition 6.3 Let 7 = (71, . . . , 7^) be some re-tuple of paths. 

• For every x G M we define the 7-type v{x) G Vn of x by 

j 1 if X G im 7i 
v{x)i := < 

I if X im 7j 

• For every consistently parametrized -y we define 



u 



r e [0, 1], T 7-regular 



F(7(r)). 



For consistently parametrized 7, obviously, V{j{t)) is the set of all 7-types in 7(t). Note, 
moreover, that in general the set V-y of types in 7 and the splitting ^^(7) for 7 do not coincide. 
For instance, we have in the case of Figure ^ 

: {(1,1,0,0), (1,0,1,0), (0,1, 0,1), (0,0,1,1)}, 



1/(7) 



{(1,0, 0,0), (0,1, 0,0), (0,0,1,0), (0,0,0,1)}. 
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In a certain sense, V-y is finer. ^(7) only looks whether two whole paths are equal or not. 
V-y looks closer at the image points of 7. 

Let us now study first consequences of the just introduced notions for parallel transports. 

Lemma 6.2 Let 7 be some consistently parametrized tuple of paths in M. Assume that 
im 7 is contained in some open U, such that P{M, G) is trivial when re- 
stricted to the preimage of U. Additionally, let / C [0, 1] be some interval 
whose endpoints are 7-regular. Then we have At^^^ Q Aty for all ultralocal 
trivializations l that are smooth on U. 

Proof Let g G -^!y|^) i-e- there is some smooth A G A, such that /i^(7|/) = g- 

Next, let I = [/_, /+]. Since the set of 7-regular parameter values is open in (0, 1), 
there is some e > such that [/_ — 2e, /_] and [/+, /+ -|- 2e] are 7-regular intervals. 
Set J_A := [I- - (A l)e, /_ - Xe] and J+a := [/+ + Ae, 1+ + {X + l)e] for A > 0. 
Finally, we set J-00 '■= [0, /- — 2e] and J+00 ■= [1+ + 2e, 1]. 

Because 7 is consistently parametrized and 7 is continuous, the sets 7(J_oo), 1(1) 
and 7(J+co) are disjoint and compact. Consequently, there is some smooth function 
f on M that has support on U \ 7(1) and equals 1 on 7(J-oo) U 7(J+oo)- We now 
define some connection A' hj (1 — f)A on U and by A outside of U. Obviously, 
A' e A. 

Observe now, that, by regularity, two paths in 7 coincide on J±q iff they coincide 
on J±i. Moreover, they coincide iff their images have just a common point. Set 
7|int j_i U7|int j+n Considered as sets. Choose now some disjoint 
open sets Vj in U that are disjoint to 7([0, 1] \ (int J_i Uint J+i)) , such that there are 
certain closed intervals Ij in J_i or J+i, respectively, such that Vj is a neighbourhood 
for and that im 6j\i. (iVj is embedded into Vj. Then, by Proposition lA.ll there 

is some smooth connection A" G A, such that 

• /i^//(7|j_i) = /iA'(7|j-o)"^ 

• ^A"(7|j+i) = /iA'(7|j+o)~^; 

• A' and A" coincide outside |J Vj . 

Altogether, we have 

hA"h) = h'^"h\j-Jh'^"h\j-i)hA"h\j-o)hA"{l\i) ■ 

■ ^A"(7|j+o) ^A"(7!j+i) h'A^Mj+J 
= /iA'(7|j_) h^A'h\j-or' /^A'(7|j-o) h^A'hli) ■ 

■ hA'ilb+o) hA'h\j+o) ^ h'^'h\j+J 

= h^Ahli) 

= a- 

Consequently, g G At^. qed 

Proposition 6.3 Let 7 := (71, . . . , 7^) be some consistently parametrized tuple of paths in 
M. Assume that im 7 is contained in some open [/, such that P{M, G) 
is trivial if restricted to the preimage of U. Moreover, let (r/j) be some 
finite, strictly increasing sequence of 7-regular parameter values in [0, 1]. 
Then we have, if l is any ultralocal trivialization being smooth on U: 

1. If Aty is a subgroup of G" and equals Gy(_^(T-^)), then 7 is holo- 
nomically isolated. 

2. Aty contains Hfc ^Vi-yirk))- 
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Proof Let us fix for all k some r^^ and with < r^^ < < < 1, such that every 
r E [''"^5 ■^^^l =• Ik is '/-regular.^ Moreover we demand Tj^_i < for all k ^ 1. Such 
always exist by the regularity of r^. Again by regularity we have 7j(T) = 7j(r) 
with r G Ifc iff 7i(rfc) = 7j(rfc), i.e., the restrictions of two paths to Ik are identical iff 
their images are non-empty. This implies ^(7(t)) = V^(7(''"fc)) (possibly up to the 
ordering) for all r G Ifc, hence Gv{-y(r)) = ^y(T(Tfe)) by Lemma HUH Additionally, we 
define / := [j^Ik and J := Ufc^^ii^fc-ii ]> i-^-j contains all (closures of) intervals 
between the /fcS. Moreover, set Jq := [0,tj~] and Ji := Finally, we define 

the interval L := I U J = \t7 ,tt ]■ 

Let now d'' be the set of all 'jili,., i = 1, . . . , n, and S := |J^ d'^. Then im 5 is compact 
for every 5 G (5, and (im 6') fl (im 5") is non-empty iff 5' = 5" for 5\5" G 5. Since 
every 5 G d is strongly holonomically independent by Proposition lA.ll their union 
5 is so by Lemma 15.21 

Now we are prepared for the proofs of the assertions in the proposition: 

1. Assume Gv(-y(Tfc)) = -AL^ being a subgroup of G". 

By consistent parametrization, the first two conditions for '-f\i to be holonomi- 
cally isolated are fulfilled. To prove the third one, let K be some closed subset 
of M with K n int -f\L = and let A G ^ be arbitrary. Since 7( J) C int t'Ix, 
is compact, there is some smooth function / on M being 1 on 7(J) with 
supp f Q U f] (M \ K), hence / = on i^. We define Af to be the connection 
that coincides on U with (1 — f)A and equals A outside. 

Since is always 7-regular, Lemma lH^ vields ^ -^^y = Y\k ^V{T(Tfc))- Then 
for every (5-1, . . . ,g„) G Jlfc ^ At^^^ we have certain (511^^., . . .,gn,k) in 

^VitiTk)) with (51, ...,£/„) = l\ki9i,k, ■ ■ ■,9n,k)- Since S is strongly holonomi- 
cally independent and int S C U^, int 7!/^^, there is some A' A such that, in 
particular, 

• hg{A') = gi^k for all k and 5 G 5 with 5 = 7i|/j.; 

• A' and j4j coincide on K \J^[J). 

/i^(yl') is indeed well defined, because ^i>\iy = 5 = 7,!/^. implies k' = k, hence 
li'iTk) = liin) and thus gi'^k' = 9i< ,k = gi,k by the definition of Gv{-y(rk))- 
Since ^/ is zero on 7( J), the parallel transports along all subpaths of 7^ for the 
parameter intervals [T^_i,Tj^] with k are cq- Hence, by construction, 

h',^~^{A') = UkK^U^iA') = Uk9i,k = g^ 
for all i. Consequently, we see first that = Y\k ^V(-y(Tfc)) = -Atyi and second 
that 7|l is holonomically isolated. 
Hence, 7 is holonomically isolated by Lemma 15.41 

2. Now we show Yik ^V{-y{Tk)) ^ -^V 

In contrast to the step above, we now choose some smooth function f on M being 
1 on the full im -y with supp f . Analogously defining Aj and choosing A' 
we get for every (c?i, . . . , 5^) G Ilfc Gy(-y(^^)) some A' e A with h\^{A') = gi, 
because now A' is trivial on 7(Jo U J U Ji). qed 

7 Parallel Transports Along Webs 

We now recall the definition of tassels and webs owing to Baez and Sawin |H1 [2| . 



^Remember that and 1 are not 7-regular. 
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Definition 7.1 • A finite ordered set T = {ci, . . . , c„} of patlis is called tassel based 

on p € im T iff the following conditions are met: 

1. im T lies in a contractible open subset of M. 

2. T can be consistently parametrized in such a way that Cj(0) = p \s 
the left endpoint of every path q. 

3. Two paths in T that intersect at a point other than p intersect at 
a point other than p in every neighborhood of p. 

4. For every neighbourhood U of p, any T-type which occurs at some 
regular point in im T occurs at some regular point in ?7 n im T. 

5. No two paths in T have the same image. 

• A finite collection w = yj ■ ■ ■ VJ oi tassels is called web iff for all 
i ^ j the following conditions are met: 

1. Any path in the tassel w'^ intersects any path in , if at all, only 
at their endpoints. 

2. There is a neighborhood of each such intersection point whose in- 
tersection with im [w"^ Uw^) is an embedded interval. 

3. im does not contain the base of 

Next, we list some important properties of webs that can be derived immediately from 
statements in (31 . 

Proposition 7.1 For every web w the set [0, l]reg of -w-regular parameter values is open 
and dense in [0,1]. Moreover, the function V{w{-)) : [0, l]reg — > 
assigning to every tD-regular r its splitting, is locally constant. 

Proof A slight modification of the proof of Lemma 1 in 3_ yields that for every Cj € w 
the set of all r in [0,1] with tu-regular Cj{T) is open and dense in [0,1]. Since 
the intersection of finitely many open and dense subsets is again open and dense^, 
[0, l]rog is open and dense in [0, 1]. The second assertion is obvious. qed 

Lemma 7.2 For every web w the set Vw of tw-types occurring in w is rich. 

Proof Since w = {ci, . . . , c„} is a web, for i ^ j there is some r G [0, 1] with Ci(r) ^ Cj(r). 
By Proposition 17. 11 there is even a regular r with this property, thus v{ci{T)) G V^. 
By the consistent parametrization we have v{ci{T))i = 1 7^ = v{ci{T))j, i.e., the 
first richness condition is fulfilled. The second is trivial. qed 

For the following lemma, we still have to define the set 

^= n u {^(^(^))} 

tG(0,1] <TG[0,r]rog 

of all those ("regular") splittings V{w{a)) that appear in every neighbourhood of 0. Here, 
/reg denotes the set of w-regular elements in an arbitrary interval / C [0, 1]. 

Lemma 7.3 Let w he a web. Then for all f E there is some V G V{w) with v & V. In 
particular, V{w) is nonempty (if w is nonempty). 

*Let Xi,X2 be open and dense subsets in some topological space X. Then, of course, Xi fl X2 is open 
again. Assume Xi n X2 were not dense in X. Then there is some x £ X and some open neighbourhood U 
of 2; in X, such that U H {Xi n X2) ~ 0. Since Xi is dense, there is some Xi £ U D Xi. Since X2 is dense, 
the open neighbourhood U n Xi of xi must contain some X2 G X2. Consequently, X2 & U H Xi fl X2 = 0. 
Contradiction. The case of finitely many Xi is now clear. 
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Proof For every u G V^,, by definition of a web, there is a sequence Tj — > in [0, Ij^g with 

V G V{w{Ti)) C V^w for all i. Since V#w is finite, there is some V C V^w and 
some infinite subsequence Tj/ ^ with V = V{w{Tii)) B v for all i' . By definition, 

V G V(u;). qed 

Corollary 7.4 Uv'6V(«)) ^ equals Vw for every web w and is rich. 
Let us now state the main result of our article. 

Theorem 7.5 Let G be a connected reductive (real or complex) linear algebraic group and 
let T be some tassel. Then for every t £ (0, 1] there is some t' G (0,t], such 
that for every < r < t' and every ultralocal trivialization l 

• J'lfr,*] is holonomically isolated; 

• -^Tli t] i^ ^ subgroup of G" and equals [Gy]"^*^*"^\ 

Recall that every linear algebraic group is a Lie group and that, in particular, every compact 
Lie group is a reductive linear algebraic group. Hence, the assertion of the theorem above 
holds for all connected compact Lie groups G. 
A part of the following proof is owing to [3] . 

Proof • Choice of t' 

Denote the paths in T by ci , . . . , c„ and fix some ultralocal trivialization t being 
smooth on some open neighbourhood of im T. Fix, additionally, some ordering 
of y := Vt- Since for every v £ V there is some V G V(T) with v £ V, 
there is some finite sequence V^^^'^ in V(T) with nf=i 5 Gy. Let now 

(y^^^)g^i^ C Vn be the g(n)-times repeated sequence of these elements in V(r) 
and set tsqi^n)+i '■= t- Starting with s = Sq{n), we choose inductively some T- 
regular ts G (0,ts+i), such that V{T{ts)) = V'^''\ By definition of V(T), such a 
ts always exist. Finally, we choose some regular t' < ti. 

• nS"^ G^,.) = [Gy]"?(") 

Let V G G V(r) for some s. Then vGV, i.e. G^ C [Gy]*'?("). By the group 
property of the right-hand side, we have nf=i^'' Gy(s) C [Gy]*'^*^"). The opposite 
relation comes from Y\s=i Gry(s) 5 Gy together with the definition of (V^^^) as 
a g(n)-fold repetition of the first S sets. 

• AL D [Gyl"'^") for T<t' 

By the very definition of a tassel, 7"|[T,t] fulfills the requirements of Proposition 

E31 Moreover, is a strictly increasing sequence of T-regular values in 

[r, t] . Hence, by the construction of this sequence and by the previous item, we 
have A' I ^ [Gy] 

• [Gy]"''^") is a Lie subgroup of G" 

According to Lemma [7.2| the set of types in every tassel is rich. Proposition 14. Ill 
guarantees now that [Gy]*^^"^ is even a Lie subgroup of G". 

• ^ [Gy]'^^'^) for every nontrivial interval I C [0,t], where T\j consists of 
smooth immersive paths only 

We have to prove that h'j^{T\i) G [Gy]*'?(") for all A £ A. For this, consider the 
map 

H : I X I — > 

(ri,r2) I > /lA(^l[mm/,ri])"^ ^A(^l[mm/,r2]) 
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Since A and l are smooth on U containing im T, the map H is smooth. Moreover, 
if {ti,T2) (or (t2, Ti)) is some interval of T-regular parameters only (which implies 
that every element in it has the same type, say, v), then H{ti,T2) G G„, hence 
H{ti,T2) G CG^ where the dot means differentiation w.r.t. the r2-coordinate. 
On the other hand, H{ti,ti) equals (up to the sign) ^[^-(^^^(r), where T is the 
n-tuple of tangential vectors on T and A\x(ti) is given naturally. 
Since we know that [Gy] is a Lie group and since, as one sees immediately, 
is Lie subgroup of [Gy]"'^"^ the Lie algebra LG^ is a Lie subalgebra of 
£([Gy]"'(")). Consequently, ^|t(.)(^) 

can be regarded as a smooth function from 
I to £G" with values in £([Gy]*^("''') - at least for those parameter values that are 
T-regular. However, since the set of T-regular points is open and dense in / and A 
is smooth, ^|y(.)(r) values in £([Gy]"'^"^) everywhere. Since h''^{T\i) is simply 
the path-ordered exponential of ^|y(.)(T) integrated along /, it is contained in 
[Gy]*9("). 

• C [Gyl*^(") for T<t' 

Since we consider piecewise smooth and immersive paths from the very beginning, 
there are at most finitely many non-differentiability points in any finite set of 
paths. Hence, we can decompose [r, t] into a finite set Ik of intervals, such that 
^l[T-,i] = n^l-ffc' where each T|/j. consists of smooth and immersive paths only. 
Since /i^(r|[T- j]) is now the product of these /i^(T|/^), we get the assertion by 
the previous step and the group property of [Gy]"'*^"^. 

• TIjt- j] is holonomically isolated 

This follows from Proposition 16. .S( because 

^^|^^_^^ = [Gy]"?W = Us=l^ Gy,., 
and [Gy] is a subgroup of G". 

• ■^Tli t] i^ independent of the ultralocal trivialization 

Let now l' be an arbitrary ultralocal trivialization. Then t and l' are related by 
a generalized gauge transform^. Consequently, we have 

^T\ir,t] = (5T(r))"^ ^ri[,,,j am 

for some gT{T)^9T{t) ^ G". Since gauge transformations depend only on the end- 
points of paths, equal endpoints lead to equal components in these two elements 
of G"'. Hence, we have ffT(T) ^ Gy(7-(T-)) and gxit) ^ Gv{T{t))- 
By Proposition EH we get V{T{t)) < V{T{t')) and V{T{t)) < V{T{t")) for some 
T-regular r',t" G [r,t]. Thus, Gv{t{t)) ^ Gy(T(r')) and Gv(T{t)) ^ Gv{T{t")), 
whence Gy(2-(T-)) and Gy(2-(j)) are contained in Gy. Since [Gy]"'^"^ is a group, 
we have 

^nrA = ^^nr))-' ^T|[.,, am = ianr))-' [Gy]-^(") g^t) = [Gy]"'^"). 

qed 

Corollary 7.6 Let G be as in Theorem 17.51 Then for every web w and every t £ (0, 1] 
there is some t' G (0, t], such that for every < r < t' 

• u^|[r,t] is holonomically isolated; 

• is a Lie subgroup of G" with 

independent of the chosen ultralocal trivialization. 

generalized gauge transform is a function from M to G. 
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Here, w = TiU . . .U Ty/ is a decomposition of w into tassels Tj. 

Proof This is an immediate consequence of the Theorem above and Lemma 15.21 since two 
tassels share at most the endpoints of their paths with parameter value 1. qed 

Setting t to 1 and r to 0, we get with the same notations 

Corollary 7.7 Let G be as in Theorem 17.51 Then every web w is holonomically isolated 
with Aw = X JGy^]"''^*"'^ being a Lie subgroup of G*'". This again is 
independent of the chosen trivialization. 

Proof Every v ^Vi := Vt^ can be interpreted as some v simply by adding zeros at 

all components that do not correspond to paths in Tj. Since the only intersection 
points for tassels are at parameter value 1 being not -w-regular, each v ^ Vw, on the 
other hand, corresponds to precisely one i and one v (^Vi. We have now 

Gv = {(ec-.-jCc)} X ... X {(eG,---,eG)} X G„x 

X {(ec, • • • , ec)} X ... X {(cq, • • • , ec)} 

with Gv at component i. Consequently, giving Vu, the ordering induced by the 
sequence of orderings in Vi, . . . ,Vn, we have X jGy^ = Gy^- Moreover, since ele- 
ments of Vuj lead to commuting G^js, if they correspond to different tassels, we have 
XJGyJ'? = [GyJ'9 for all qeN.By#w> for all i, we get q{#w) > q{#Ti) 
and thus 

by the group property of each [GyJ''^^*-^''). qed 

Using Theorem 14. II we get 

Corollary 7.8 Let G be as in Theorem 17.51 

If G is semisimple, then every web is strongly holonomically independent. 

These two corollaries yield, moreover, a new proof for the denseness results of smooth con- 
nections as a subset of generalized connections, differing from that presented in ^ and now 
including also a huge class of non-compact structure groups: 

Proposition 7.9 Assume G as in Theorem 17.51 and let dimM > 2. 

Then, in the category of piecewise smooth and immersive paths, A is 
dense in >1 iff G is semisimple. 

Here, A = Hom(7^, G) is the set of all generalized connections ^E]- Note that this definition 
is (for noil- semisimple G) different from the definition by lim 

in Pj that uses Aw instead 

of:4^ = G#"'. " 

Proof Recall JH] that A is dense in A if .4^; = G'^'" for all webs w. This is given for 
connected semisimple G according to Corollarv 17.81 On the other hand, recall that 
A is not dense in A if Aw is not dense in G'^"' for some web w. However, by 
Proposition 14.111 this is the case if G is not semisimple: Observe first that there is 
always a web having type V with dimspauj^y < #w (e.g., the web given in [21; or 
see Figure ^ on page IT^ and second that a Lie subgroup of non-zero codimension 
is never a dense subgroup. qed 
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Finally, we remark that Corollary 17.71 above completes a purely algebraic verification of the 
statement by Baez and Sawin in |3] that for connected and compact groups the parallel 
transports along a tassel form a Lie subgroup of G'^'^. Here, however, the assumptions 
have been significantly weakened: G can now be any connected reductive linear algebraic 
group. This includes, in particular, all classical semisimple Lie groups - be they compact 
or not. Therefore, our results may be extended also to, e.g., G = Sl{2,C) being relevant 
for the non-compactified version of loop quantum gravity. Already in the compact case, 
the assumption of the Lie subgroup property was crucial to initiate a theory of well-defined 
generalized measures Although a measure theory in the non-compact case is still more 
or less on a speculative level, our results together with those in (Hj may give some hope that, 
after these problems are solved for piecewise analytic paths, the measure theory can even be 
extended to the smooth category. 
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Appendix 

A Holonomy Independence in the General Case 

Proposition A.l Let G be some connected Lie group and let 7 = {71, . . . ,7^} be some 
finite set of non-selfintersecting paths in the manifold M. Suppose that 
for every 7^ £ 7 there is a closed interval Jj C [0, 1] and some open 
neighbourhood Ui of 7i(/j) such that im 7i Pi C/j ^ Ui is an embedding. 
Assume that all Ui can be chosen mutually disjoint. 
Then for every ultralocal trivialization l, for every A A and for all 
5i ) • • • ) ffn £ G there is some A' ^ A such that 

• h':y.{A') = Qi for all i; 

• A and A' coincide outside |J,„ C/„. 

Proof Observe first that by induction we may assume n = 1. Moreover, if the statement 
of the proposition is true for one trivialization, it is true for every trivialization. By 
the local triviality of the principal fibre bundle P{M, G), we may assume that P is 
trivial over U :=Ui and that 7 is smooth on I := Ii (otherwise, shrink U and /, if 
necessary). Hence, we may fix some ultralocal trivialization l being smooth on U. 
In the following, however, we will simply write /i^ instead of /i^. 
We now proceed in two steps. First we modify A such that it becomes "zero" in 
7(1) and second we modify it there to get the desired parallel transports. 

• First, since M is a manifold, there is some smooth function f on M being 1 on 
7(1) with supp f ^ U . We define Af to be equal (1 — f)A on U w.r.t. l and 
equal A outside. It is clear that ^/ is again a smooth connection. To furnish the 
first part, we define g' := hAf{[0,T~])~^ g /iyi^([r"'", 1])""^. 

• Recall that g' - as every element in a connected Lie group G - can be written 
as a product gi---gi of finitely many gj G exp(g), where g denotes the Lie 
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algebra to G, i.e., gj = exp(Bj) with Bj € g. Divide now / into 21 — 1 intervals 
h, It I, hi ■ ■ ■ , Ii by inserting 21 — 2 points and choose for all integer j some 

^ 2 

open neighbourhood Vj Q U of some interior point in Ij, such that all these 
neighbourhoods are mutually disjoint and I^- n im 7 C 7(/j). Choose finally 
(again for integer j) some smooth sections fj : M — > T*M with supp fj C Vj 
and fulfilling Jj^ fj{l{t))^Y{t)<^t = 1- Now we define A' to be eqnalAf+Y,- fjBj 
on Uj — U ^'^cl equal Af outside. It is clear that A' is again a smooth 
connection coinciding with A outside U. Since A' equals fjBj on Vj and since 
Bj is a constant, we have for integer j 

hA'illi,) = ewili^ fj{jit))^B,rit) dt) = exp{B,) = gj 

and thus 

hA'il) = ^A'(7l[o,r-]) (n5 = i, 2j eN^A'(7!/,)) V(7|[t+,i]) 

= ^A/7l[0,r-]) {U^j = l9j) hAfi7\[r+,l]) 
= hAf{7\[0,r~]) 9' hAf{l\[r+,l]) 

= 9- 

qed 
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